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ABSTRACT We describe relations between hyperbolic geometry and knots of codi- 
mension two or, more exactly, between varieties of conjugacy classes of discrete 
faithful representations of the fundamental groups of hyperbolic n-manifolds M into 
SO°(n + 2,1) and (n — l)-dimensional knots in the (n + l)-sphere S"^^^ carrying 
, conservative dynamics of hyperbolic lattices tti (M) . This approach allows us to dis- 

' cover a phenomenon of non-connectedness of these varieties for closed n-manifolds 

(-H , M , n > 3, with large enough number of disjoint totally geodesic surfaces, to con- 

struct quasisymmetric infinitely compounded "Julia" knots K C S"^^^ which are 
everywhere wild and have recurrent 7ri(M)-action, and to study circle and 2-plane 
bundles (with geometric structures) over closed hyperbolic n-manifolds. 
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This paper studies relations between two spaces which, at first glance, have 
^ \ nothing in common. The first space is the space of conformal classes of m-knots 

\ K of dimension m > 2 in the n-sphere 5"", and the second space is the variety 

' of conjugacy classes of discrete faithful representations of the fundamental group 

n ■ 7ri(M) of a hyperbolic (m + l)-manifold M into S'0(n + 1, 1), n > m, in particular 

>• . the Teichmiiller space T{M) of conformal structures on the manifold M. 

^ i Since our knots are at least two-dimensional, those possible relations are not 

^ I connected to the problem of existence of hyperbolic metrics (of constant negative 

curvature) on knot complements S"'\K. In fact, in contrast to 1-knots complements 
in 5"^, there are no hyperbolic metrics on n-knots complements in S'"^"'"^, n > 2. It 
follows from the fact that parabolic ends of hyperbolic (n + 2)-manifolds of finite 
volume are (up to finite cover) products of Euclidean tori and open intervals, that 
is hyperbolic metrics may exist only in the complements of Euclidean surfaces, see 
[Al] for example. 

Nevertheless, one can apply Tukia's [Tu] construction of the canonical (qua- 
sisymmetric) homeomorphisms of the limit sets of isomorphic geometrically finite 
hyperbolic groups to establish such a relation. It immediately implies (see [A8]): 

There exists a canonical continuous map $ of the Teichmiiller space T'^[G) 
of geometrically finite faithful representations of a uniform hyperbolic lattice G C 
0{m + 1, 1), m>2, to the space QSm,n{G) of conformal classes of G-equivariant 
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quasisymmetric embeddings ^ S'^ . Moreover, this map $ is at most a (2-1)- 
map. 

In particular, if n = m + 2 the space QSm,niG) consists of (conformal classes of) 
m-knots K C 5'"^"'"^. We also note that the last statement on (2-l)-maps follows 
from the Mostow rigidity ([Mo, Ma]) and the Gluck [Gl] theorem (see also [B, LS, 
Sw]) that two homeomorphisms of the boundary dN{K) ^ S'^ x 5'-^ of a regular 
neighborhood N{K) S'^ x of a m-knot K, m>2, are pseudo-isotopic if and 
only if they are homotopic. 

Our main results use the map $ for a solution of the connectedness problem for 
the above spaces of m-knots and the Teichmiiller spaces associated with a hyperbolic 
lattice. This solution is based on our construction in the following theorem. 

Theorem 3.1. For a given nontrivial ribbon m-knot K C 5'"^"'"^, m > 2, there 
exists a discrete faithful representation p : F — Mob(m-|-2) of a uniform hyperbolic 
lattice r C IsomH"^"''-'^ such that the Kleinian group G = pT acts ergodically on the 
everywhere wild quasisymmetric m-knot = A{G) C S'^ obtained as an infinite 
compounding of the knot K. 

As a corollary of this theorem, we have 

Theorem 5.2. Let V C Isomff" be any uniform hyperbolic lattice from the above 
theorem, and m > 3. Then the varieties 7''^+i(r) and 7i'^"'"^(r) of conformal and 
hyperbolic structures on T ( respectively, the classes of discrete faithful representa- 
tions r SO°(m + 2, l)j are not connected. 

We should mention that this non-connectedness fenomenon has no relation to 

non-connectedness of the (smaller) Teichmiiller space T"^(r) of conformal m-structures 
on M = H'^/r, see [A5]. Indeed, the topological obstruction for connectedness of 
the space T^[M) of conformal structures on M = EI"^/r (nontrivial knotting of the 
limit 2-sphere A(G) C S^) is not an obstruction for connectedness of T^(r) and 
H^{T). In fact, the nerve of that knotting S'^ ^ is 1-dimensional, and hence the 
knotted in 2-sphere A(G) is unknotted in 5"^, m > 4. 

Another relation between m-knots and hyperbolic manifolds is based on the 
Cluck's rigidity of Dehn surgeries on trivial knots of dimension at least 2: 

Theorem 6.1. For a given closed hyperbolic m-m,anifold M , m > 3, there are at 
most two non- equivalent circle (or 2-plane) bundles over M allowing uniformizable 
conformal structures or complete hyperbolic metrics, respectively, with the develop- 
ment on a (m — l)-knot complement. 

This paper is preserved in the form it was written in 1995, so it may have no 
references to results published after that time. In conclusion, the author would like 
to thank Scott Carter and Masahico Saito for helpful conversations. 

2. Varieties of representations and geometric structures 

Let M be a given closed hyperbolic m- manifold (orbifold), m > 3, that is a 
complete oriented Riemannian manifold with constant sectional curvature -1, and 
7ri(M) = r C SO°(m, 1) its fundamental group isometrically acting in the hyper- 
bolic m-space H"^ as a uniform lattice, M = I¥^/r. One can consider the variety 

'T-)n^'T^^ xj^™/!^ ar\o/„ -i\ „ii y-i cr\o/^ 1^ „ \ ™ 
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the algebraic convergence topology where the group SO°(n, 1) acts by conjugations. 
Inside of the quotient- variety TZ'^{T)/ S0° {n, 1) there are two subvarieties 

r"-^(r) dWir) c7e"(r)/so°(n,i) (2.1) 

which both consist of conjugacy classes of faithful discrete representations, with an 
additional condition on representations p, [p] G T"~^(r), that p(r) C SO°(n, 1) are 
geometrically finite with non-empty discontinuity sets 0(r) C S'^~^ = dW^ (the 
complements of the limit sets A(r), 0(r) = S'"~^\A(r)). Due to the Sullivan's 
stability theorem (see [Su], [A9, Th.7.2]), the subvariety r"-i(r) is open in '^"(r). 

There is a natural identification [Mo] of the biggest space TC^{T) with the space 
of n-dimensional hyperbolic structures on the group F. Such a hyperbolic structure 
on r is determined (up to inner automorphisms of F and hyperbolic isometrics) by a 
pair {A^, 4>}, where A^ is an n-dimensional hyperbolic manifold and (/> : F — > 7ri(A^) 
is an isomorphism. In particular, for a closed surface Sp of genus p > 1 and 
F = 7ri(S'p), the space 7Y^(F) is the Teichmiiller space T(F) of F homeomorphic to 
M^^~^, and the space 7Y^(F) is isomorphic to the product T(F) x T(F). 

Similarly, via holonomy, we have a natural identification of the space T"^~^(F) 
with the (Teichmiiller) space of uniformizable (n — l)-dimensional conformal (=con- 
formally flat) structures on F (cf. [Al, A4]). An element of this space is determined 
by a pair {A^, (p}, where A^ is a conformal (=conformally flat) {n — l)-manifold with 
a non-surjective developing map d : N ^ S'^~^ of its universal covering space A^ 
into d{N) = O C 5*"^"^ and : F — > 7Ti{N) is a monomorphism corresponding to 
the short exact sequence 

O^TTi(n) ^7ri(N) ^0. (2.2) 

Here, due to [Ka] and [KP], the developing map d and the natural projection 
TT : n ^ n/G ^ N (where T ^ G = d^{7ri{N)) C SO°(n, 1)) are covering maps 
which factor the universal projection N ^ N. Two pairs {No,4'o} and {Ni,(j)i} 
determine the same conformal structure on F if there is an orientation preserving 
conformal homeomorphism / : A'o Ni such that /* o (pQ and 0i differ (up to 
the isotropy subgroup Z{pq) of the inclusion po • T — > SO°(n, 1)) by an inner 
automorphism of F. (Notice that /* : 7ri(A^o) — 7ri(A^i) is only well deflned up to 
inner automorphism of 7ri(Aro).) 

The flrst surprising results on the varieties T"~^(F) and 7Y"^(F) (beyond the 
Mostow rigidity [Mo, Ma]) are that there are large classes of groups F for which 
these varieties are non-trivial ([A2, Al]), but H'^iV) is stifl compact ([T, MS, Mo]). 
In particular, due to J.Morgan's weak rigidity theorem [Mo], we have (cf. [A4]): 

Theorem 2.1. Let M be a closed oriented hyperbolic m-manifold, m > 3, with 
7ri(M) ^ F C SO°(m, 1). The n, for any n > m, the (Teichmiiller) variety r^-^(F) 
has a natural compactification T"'~^(F) such that each of its points corresponds to a 
faithful discrete representation p : T ^ SO°(n, 1) from the compact variety 7i"(F). 

3. Knotted m-SPHERES in the (m -I- 2)-sphere 5^+2 

An m-knot K C S'^^'^ is an embedding K : S"^ ^ gm+2 ^j^g oriented 
m-sphere into the oriented (m -|- 2)-sphere. Two m-knots Ki and K2 in 5""^+^ 
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homeomorphism / : gim+2 g^^j^ ^-^ai fKi — i^2- Obviously, it is an 

equivalence relation, and we call the equivalence class [K] of a m-knot K C S'^'^'^ 
the knot type of K. Those m-knots that are equivalent to the natural inclusion 
^ gm+2 called trivial or unknotted. 

The simplest examples of nontrivial 2-knots in S"^ can be obtained by using the 
so-called suspensions and spins of classical knots in 5^, see [Ar], [Ro, §3 J]. Namely, 
for a classical nontrivial 1-knot k G S^, let points a and b lie in disjoint components 
Si and St of S'^XS^. Then the join K of the knot k with {a} U {b} is called the 
suspension of the 1-knot /c, see Fig. 1. It holds that 7ri{S^\K) = TTi{S^\k), so the 
obtained 2-knot K is nontrivial. 

To construct a spun 2-knot K C S'^ , we consider a classical knot k in the half- 
space = e : a^4 = 0, 0^3 > 0}, such that the boundary 2- plane R^ = {a; e 
R^ : X3 = X4 = 0} intersects the knot k along a single arc a. Then spinning the 
complementary arc (3 = cl{k\a) about the plane R^ sweeps out a 2-sphere K C R^. 
Obviously, X flR"^ consists of a simple loop ki. Providing an orientation on ki which 
is coherent to that of the arc /3 C /ci, we see that ki is representing the 1-knot that 
is obtained as the connected sum ki^{-k) C R^, see Fig. 2. 

The 2-sphere K C 5^ is oriented so that the orientation of the 2-disk K f] S^ is 
coherent to that of ki. So obtained 2-knot K : S'^ ^ S'^ is called the spun 2-knot 
of a given 1-knot k C S"^, see Fig. 2. Since every loop in S'^\K can be continuously 
deformed in R^\/3, we have that 

ni{S\K) - 7ri(R^\/3) = 7Vi{m^\k) . 

We note also that every spun 2-knot K C 5"^ is a ribbon 2-knot. Such 2-knots 
generalize classical ribbon knots in S^, see [Ro, BZ]. They can be obtained as follows, 
see [Suz] and Fig. 3. 

Let ^0 U . . . U Sm C R^ be a trivial 2- link with {m-\- 1) components (which are 
trivial non-linked 2-knots) and fi, ■ ■ ■ , fm are appropriate embeddings of 3-balls, 
fi : [0, 1] X ^ R^, which make m fusions of the 2-link. Each of the embeddings 
fi is such that 

/i([0, 1] X 5^) n (>5o U . . . U Sm) = fii{0, 1} X B^) 

has an orientation coherent with that of the 2-link, and the disks /i({0} x B^) and 
fi{{l} X B^) are contained in different components of the link. Then the connected 
sum of the spheres ^o, . . . , Sm and the sphere fi{d{[0, 1] x S^)) represented by the 
homological sum 

{SoU...USm) + Md{[0,l]xB^))=S'oU...USl^_, 

is a trivial 2-link with (m — 1) components. Continuing this process of fusions on 
the link, we finally obtain a 2-knot which is called a ribbon 2-knot with m fusions, 
see Fig. 3. 

Similarly, for m > 2, one can define the above classes of m-knots in (m-|- 2) -sphere 

in particular ribbon m-knots with a given number of fusions. 
Now we can describe a connection between m-knots in 5'"^"'"^, m > 2, and varieties 
of discrete representations of hyperbolic lattices F C IsomH"^"'"^, which is based on 
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Theorem 3.1. For a given nontrivial ribbon m-knot K C 5'"^+^, m > 2, there 
exists a discrete faithful representation p : F — > M6b(m+2) of a uniform hyperbolic 
lattice r C SO°(m+ 1, 1) = Isom+ H""+^ such that the Kleinian group G = pT acts 
ergodically on the everywhere wild m-knot K^q = A(G) C S"^ obtained as an infinite 
compounding of the knot K. 

4. Basic construction 

The proof of the above Theorem 3.1 is based on the author's "block-building 
method" (see [A3,A5]) and geometrically controlled PL-approximations of smooth 
ribbon (n — 2)-knots K C 5'"', n > 4. Namely, we may assume that the (n — 2)- 
dimensional spheres 5*0, . . . , Sm C S"^ and the embeddings fi : B'^~^ ?a [0, 1] x 
^ -j^ definition of a given ribbon (n — 2)-knot K G S'^ are taken in 
the conformal category. That means that all involved spheres are round spheres, 
and each image fi{B^~^) is contained in the union of finitely many round (n — 1)- 
balls Bj in S'^, 1 < j < ji, such that the boundary spheres of any two adjacent 
balls intersect each other along a round (n — 3)-sphere, See Fig 4. 

In other words, the {n — 1) -dimensional ribbon fi{B'^~^) can be obtained from 
a flat ribbon in M"^"^, which is the union of round balls, by sequential bendings 
along (n — 2)-planes. We do that by using the well known construction of bending 
deformations (see [Al, A2, Ko, T, A9]). 

Let us assume in addition that, in each round {n — l)-ball Bj in the construction 
(either a ball from one of the ribbons fi{B'^~^) or one of the balls bounded by spheres 
Sk, < k < m), there is a discrete action of a hyperbolic group Gj C IsomlH""-'^ = 
Moh{Bj). Up to isotopy of the (n — 2)-knot K and the family S of (n — l)-balls Bj, 
we may assume that the groups Gj have bending hyperbolic (n — 2)-planes whose 
boundaries at infinity dBj are the intersection spheres 5j = dBj fl dBj^i for the 
adjacent balls Bj and -Bj+i, and that the stabilizers of 6j in Gj and Gj+i coincide. 
We denote such stabilizers by Fj — Gj Pi Gj+i. This property guarantees that the 
amalgamated free product 

G= - - * Gj * Gj+i * • • • C M6b(n) (4.1) 

is a Kleinian group isomorphic to a hyperbolic uniform lattice F C IsomEI"+^. 

As the result of this geometric construction, we have that our ribbon (n — 2)-knot 
K C S'^ is represented as the union Kq of m+1 disjoint round (n — l)-spheres with 
2m deleted disjoint round (n — l)-balls on them, 

2m 

{SoU...USm)\[jB^-^; B^-^GSk, l<i<2m, 0<A;<m, 

i=l 

and disjoint (n— 2)-dimensional cylinders corresponding to the ribbons /i, . . . , /,„ of 
the knot K. These disjoint cylinders are the unions of spherical (n — 2)-dimensional 
annuli with disjoint interiors which lie on the boundary spheres dBj of the round 
(n — l)-balls Bj in the construction. Due to the choice of the block- groups Gj C 
M6h{Bj) C Mob(?2), the knot Kq = K lies in the interior of the complement 
of a fundamental polyhedron F C S"" of the product group G in (4.1). Thus 

c<n\ ui ;„ „ 1 ] „f ta,„j-1 ™ ; , u ]; , 
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deformations (along hypersurfaces corresponding to amalgama-subgroups Tj, see 
[A3, Al]), we can construct a hyperbolic uniform lattice F C IsomH""''-'^ which has 
the same amalgamated free product structure as the group G in (4.1) (and hence, 
it is isomorphic to G) and conformally acts in one of the (n — 1) -dimensional balls 
Bj . We do that in a way similar to [A3] . 

Now a direct application of Tukia's [Tu] isomorphism theorem shows that the 
limit set A{G) of the group G ^ T G IsomH"+i is an (n - 2)-knot in 5". We 
claim that it is the desired everywhere wild knot JCqo C S"^ obtained by the infinite 
compounding of the knot Kq = K: 

Koo = ...#K#Ki^K#.... (4.2) 

Before we go on with the proof, we shall show how this construction works in 
the case of 2-knots. We illustrate it by a simplest ribbon 2-knot C obtained 
by one fusion from two unlinked 2-spheres 5*0 and Si, see Fig. 3. This knot K is 
also the spun 2-knot of the classical trefoil knot /c C R^, see Fig. 2. 

We can take the knot K C S'^ to be a PL-knot shown in Fig. 5, that is as a 
ribbon 2-knot obtained by one fusion of two unlinked boundaries of 3-dimensional 
cubes Qq and Qi in 3-planes x {0}, x {54} C M^, respectively. 

To have better geometric control on the blocks that we are going to use in the 
construction, we shall use (instead of the spheres Sq and Si in the definition of a 
ribbon knot) the cubes dQi with edges parallel to the coordinate axes in IR*^. As 
the ribbon /i : ^ we shall also use the union of 3-dimensional (smaller) 
cubes Qj, 2 < j < m, in as it is indicated in Fig. 5. 

Here the edges of the equal small cubes Qj, j > 2, are parallel to the coordinate 
axes in W^. Their size shall be later determined by the size of the first two bigger 
cubes Qo = Qi. The plus signs in Fig. 5 show the character of intersections in our 
3-dimensional projection of K of the boundaries dQg and dQi with the boundary 
of 3-dimensional tube which is the union IJ2<i<m Qj small cubes. Later we shall 
also explain our choice of parallel 3-planes x {—27}, M.^ x {0}, x {54} and 
x {81} in R^ which contain some of the cubes Qj and are orthogonally joined 
by tubes that are boundaries of the union of the remaining small cubes. 

Now we define discrete block-groups Gj associated with the cubes Qj. Although 
Gj are isomorphic to hyperbolic isometry groups in H*^, it is more convenient to use 
quasi- Fuchsian deformations of these hyperbolic groups (bendings as in citeA2, A3) 
so that the obtained groups Gj match the cubes Qj in the following sense. 

Assuming K = Kq, we cover the 2-knot K C Uo<j<m ^ family E = 

{bji} of closed round 4-balls bji whose boundary spheres dbji are orthogonal to K. 
Namely, in the first step, we take 4-balls bji centered at the vertices of the cubes Qj, 
< j < m, whose radii rji are equal to each other if either j = 0, 1 or 2 < j < m. 
One more condition on these radii rji is that bji Hbki only if the centers of the 
different balls bji and bki are the ends of a common 1-edge of one of the cubes. In 
the latter case, the magnitude of the exterior dihedral angle bounded by the spheres 
dbji and dbki should equal n/3. These 4-balls bji do not cover the entire knot K. 
On each square 2-side X C dQj HK, we have uncovered 4-gon bounded by circular 
arcs. We cover such a 4-gon by five additional 4-balls bji centered at X and whose 
boundary spheres dbji intersect (orthogonally) only those previously constructed 
balls that are centered at the vertices of X. Among these five new balls, the first 

c .J- .1^ 1 J;l ] 1 ,1 — _ /o rpi „ 



2-KNOTS AND REPRESENTATIONS OF HYPERBOLIC GROUPS 



7 



fifth ball is centered at the center of X and (orthogonally) intersects only the last 
new four balls, see Fig. 6. After that, we still have uncovered those two 2-sides 
Xq and Xi of the big cubes Qq and Qi that are (orthogonally) joined by the tube 
^2<j<m Qj- Here we assume that Qo fl Q2 and Qi fl Qm are small squares centered 
at the centers of Xq and Xi, respectively. Furthermore, we choose the size of the 
cubes Qj so that Qj, j > 2, are unit cubes and the cubes Qo and Qi have the 
size which matches the covering family {bji}. In fact, the boundary spheres of the 
four additional balls centered at int(Xo) orthogonally intersect the corresponding 
spheres centered at the four vertices of the small cube Q2, see Fig. 6. 

This completes the construction of the family E = {bji} of 4-balls covering the 
knot K. The union of these balls, [_}■ ■ 'mihji = N{K), is a regular neighborhood of 
the PL-ribbon knot K. 

Notice that we can take the size of cubes Qj, j > 2, arbitrarily smaller than 
that of the cubes Qo and Qi. To do that, we repeat the above process of covering 
the sides Xq and Xi by balls bji where, instead of the vertices of Xq (and Xi), 
we take the centers of the four new small balls. Then each of the annuli in Xo\Q2 
and Xi\Qm will be covered by (4 + 8k) additional balls bji (for sufficiently large 
integer k > 0) instead of the above four additional balls corresponding to A; = 0. 
This allows us to take the ribbon /i : as thin as we need. 

We define a discrete block-group Gj associated with a cube Qj, < j < m, as the 
group generated by refiections with respect to all spheres dbji, that is, with respect 
to all spheres dbji that intersect the cube Qj. Obviously, Gj is discrete because all 
spherical dihedral angles with edges dbji H dbji are either 7r/3 or it/ 2 (see [Al, Mas] 
for example). Furthermore, Gj preserves each of (coordinate) 3-planes C 
that contain the cube Qj. In such a 3-plane M"^, the group Gj can be deformed 
by bendings to a Fuchsian group acting in a 3-ball C M.^. That is why we can 
consider the groups Gj as discrete subgroups in IsomH^, Gj = G'j C IsomH^. 

For any two adjacent cubes Qj and Qj+i, the groups Gj and Gj+i have a common 
subgroup Tj = Gj fl Gj+i which is generated by four reflections with respect to the 
spheres centered at the vertices of the square Qj fl Qj+i- So we can apply the 
Maskit combination [Mas, Al] and obtain a Kleinian group G C Mob (4) as the free 
amalgamated product in (4.1). For the group G, we can take the complement of a 
regular neighborhood N{K) of the knot K to be a fundamental polyhedron P C 5'^: 

P = W\N{K) , N{K) = [j int bji . (4.3) 

We remark that, for each amalgamated free product Gj * Gj+i, we can use a 

bending deformation along the hyperbolic 2-plane Hj whose boundary circle dHj is 
the limit circle of the amalgama subgroup Tj. As a result, we get a new hyperbolic 
isometry group G' C IsomH"^ which is isomorphic to Gj * G^j+i- Applying this 

process m times, we obtain a cocompact discrete group F C Isom isomorphic to 
the group G. 

In dimension n — 4, there is another (non-algorithmical) way to get such a 
unique hyperbolic lattice F by using the Andreev-Rivin classification of hyperbolic 
compact polyhedra in HI^. Namely, the boundary dP of the polyhedron in (4.3) has 
the combinatorial type of S'^ x where the 2-sphere S'^ is decomposed into the 
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annulus on a sphere dbji, i.e. each 3-side is the product of a spherical 2-polygon 
Dji and the circle S^. The dihedral angles between such 3-sides are determined 
by the corresponding 3-dimensional dihedral angles bounded by 2-spheres dbji H 
in the corresponding 3-planes C M^, so they are either it/ 3 or 7r/2, and the 
Andreev-Rivin conditions apply (see [An, Ri]). It follows that the combinatorial 
type of the 4-polyhedron P determines the combinatorial type of a 3-dimensional 
compact hyperbolic polyhedron P' C H^, with the same magnitudes of dihedral 
angles as those for P. Thus the group F C Isom generated by reflections in sides 
of P' is a uniform hyperbolic lattice isomorphic to the group G. 

Remark The above observation that we can take the ribbon fi : ^ 
"arbitrarily thin" makes it possible to apply the above block-groups Gj C Mob(4), 
Gi = G'j C IsomH"^, to represent an arbitrary ribbon 2-knot K G as the knot 
which lie on the boundary of the union of 3-cubes similar the above cubes Qj. 

To finish the proof of Theorem 3.1, we need to show that the knot K^o = A(G) 
in (4.2) is an everywhere wild (n — 2)-knot if the knot K is nontrivial. 

Let & = G{[j-j dbji) be the G-orbit of the boundary spheres dbji of the balls in 
the covering E of the PL-knot K. We can use the word norm 1 5^1 of elements g & G 
with respect to generators of G, which are reflections in sides of the fundamental 
polyhedron P = S'^\N{K) in (4.3), to define a partial ordering on &. Namely, for 
two spheres Si, S2 G &, we say 5*2 ^ Si if intS'2 C intS'i. It allows us to enumerate 
the set © by a bijection q : N ^ © so that it is compatible with the ordering of <5, 
that is the map preserves this partial order. Then we have a nested sequence 
of compacta. 



Po = PgPi = PoUgiiPo) C . . . C Pfe = Pk-iUgk{Pk-i) C. . . C Q{G) , (4.4) 

where the elements gi E G are the reflections with respect to i-th spheres Si E & 
each of which contains a side of the {i — l)-th polyhedron Pi-i. 

The complement S^\Pi of each of the compacta Pi in (4.4) is a regular open 
neighborhood of an (n — 2)-knot which is obtained from the knot K by sequential 
connected sums: 

Ko = K, Ki = Ko#Ko, ...,Ki = .... (4.5) 

Since the limit set A(G) = S^\Q{G) is homcomorphic to the limit set A(r) = 
(Xukia's [Tu] isomorphism theorem), A(G') is an embedded (n — 2)-sphere in 
/S". We denote A(G) = and claim that it is an everywhere wild (n — 2)-knot 
in S'". Obviously, iCoo = Di ^i^i) where, for any i, N{Ki) = S^\Pi is a regular 
neighborhood of the knot Ki in (4.5). Due to (4.4), the nested sequence {N{Ki)} 
is decreasing to its intersection, K^o- 

Due to the Alexander duality [Sp] applied to Q{G) — S"'\Koo, we have that 
Hi{n{G);Z) ^ iy"-2(5'"-2;^) = z. Thus we can consider an inflnite cyclic 
covering space ft of 0,{G). Now we are concerned with the integral homology 
H^{Q) = iy*(il; Z) with A-module structure where A denotes the ring of flnite Lau- 
rent polynomials with integer coefficients. Namely, choosing a generator r : Q ^ Q 
of the deck transformation group of the cyclic covering O ^{G), we define the 
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i=—r 

Here : Hj{Q) — ^ Hj{fl) is the homology isomorphism induced by r. Thus it 
defines the A- module (fl) which is known as the Alexander invariant of the knot 
-fCoo C S'". As a shorthand description of the first homology Hi{Q) of the infinite 
cyclic covering of the knot K^o complement fi.{G), one can also use its Alexander 
polynomial Ax^(t), see [Ro, Ch. 7]. 

Lemma 4.2. Let Q and Pk, k >0, be infinite cyclic coverings of Q{G) and Pj- in 
(4-4)- Then we have a nested sequence 

PoCPiC...CPkC...h. 

Proof. The nested sequence in (4.4) defines a sequence of monomorphisms of the 
fundamental groups as follows: 

7ri(Po) 7ri(Pi) . . . 7ri(Pfe) 7ri(Pfe+i) . . . M^iG)) . 
Furthermore, we have the following commutative diagram: 

■■■ni{Pk-l) ^ > 7ri(Pfe) = > ■■■ ^ . 7Ti{n{G)) 

■■■Hi{Pk-i) H^{Pk) ^ > ■■■ H^{^{G)) 



• •• z — z — ••• — z 

Here the vertical maps correspond to the Abelinization. So the lemma follows. 
Lemma 4.3. Hi{h; Z) ^ 0. 

Proof. Due to Lemma 4.2, we have excisive triads defined hy X = Pi and Y = il\Pk- 
So we have a Mayer- Vietoris exact sequence as follows: 

••• > H2iXnY) > H2{X)®H2{Y) > H2{XUY) > 

> Hi{Xr\Y) > Hi{X)®Hi{Y) > Hi{XUY) > ■■■ 

where X (lY = dPk and X UY = h. 

For each A; > 0, the boundary dPk is homeomorphic to the product S'""^ x S^. 
It implies that dPf~ ft! S'^~'^ x R, and hence Hi{dPk) = 0. Therefore, the map 

Hi{Pk) (B Hi{il\Pk) ^ Hi{h) 

is injective. 

On the other hand, Hi{Pk) is not trivial due to the initial condition that the 
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To finish the proof of Theorem 3.1, we observe that the (n — 2)-knot Koo = 
A(G) C S'^ is nontrivial due to nontriviahty of its Alexander invariant H^{Q), 
which follows from Lemma 4.3. On the other hand, K^o is invariant for a non- 
elementary Kleinian group G C Mob(n), and hence it is a wild knot due to [Ku]. 
The latter fact also follows from Lemma 4.3 and the additivity of the Alexander 
invariant H^{Q) with respect to connected sum (4.5) of knots, see [L]. Obviously, 
any point z e = A(G) that is the attractive fixed point of a loxodromic element 
g E G is a, wild point of the knot Koo- The proof is completed by the well known 
fact (see [Al] for example) that such loxodromic fixed points are dense in the limit 
set A{G) = Koo- 



5. QUASISYMMETRIC EMBEDDINGS AND VARIETY COMPONENTS 



Let QSm,m n > m > 2, be the space of conformal classes of quasisymmetric 
embeddings S"^ ^ S'^ with the compact-open topology. Up to Mobius transforma- 
tions, such quasisymmetric embeddings / : S"^ ^ S"^ of m-sphere S"^ — MJ^ U oo 
can be represented by quasisymmetric embeddings of Euclidean m-space, / : ^ 
W^, which satisfy the following condition [TV]: 

1 \f{y)-f{x)\ . ^ 1 \y-x\ 



vip) \fiz)-f{x)\ p \z-x\ 

where ry : [0, oo) [0, oo) some homeomorphism and x,y,z E M™'. 

For a given lattice F C 0{m + 1, 1), we have a subspace QSm,n{G) C QSm,n 
consisting of all F-equivariant quasisymmetric embeddings / : S'^ ^ 5". Here 
the groups F and /F/-i act on S"^ = dH'^+^ and /{S"^) C S"" by restrictions of 
Mobius transformations in the corresponding spheres. 

Since the canonical homeomorphisms of the limit sets in Tukia's [Tu] isomorphism 
theorem are in fact quasisymmetric, we immediately have an additional metric 
property of the knot Koo in Theorem 3.1: 

Corollary 5.1. For a given nontrivial ribbon m-knot K C S"^^"^ , m > 2, there is 
a quasisymmetric embedding f : > 5™'"'"^ whose image is an everywhere wild 

m-knot Koo = f{S'^'^'^), infinitely compounded from K. 

Considering conjugations of the inclusion of a lattice F C SO°(m -|- 1,1) to 
SO°(n-|- 1, 1) by quasiconformal self-homeomorphisms of HI'^+-^ compatible with the 
F-action, we have quasiconformal deformations of the inclusion F C SO°(n -|- 1,1), 
i.e. curves in the varieties of representations T"^(F) C Ti^^^iV) corresponding to 
continuous families of such conjugations. Following to the classical terminology, we 
call such representations as quasi-Fuchsian ones. The Sullivan's stability theorem 
[Su, A9] implies that the set of conjugacy classes of quasi-Fuchsian representations 
is an open connected subspace of T"^(F) C T-C^^^iT). We denote the connected 
components of T'^(F) and T-f^^^iT) containing this open subspace by T^iT) and 

K+'(r). 

Surprisingly, in contrast to the classical Teichmiiller theory and the trivial space 
liJ^'^^iT), for m > 2, the varieties T"^(F) and Ti^iV) may be disconnected for 
hyperbolic 3-lattices F C S0°(3, 1). Indeed, as it was pointed out by the author 

[A5], for some faithful discrete representations p : F — > S0°(4, 1), the limit set 

A I „^'T-l^^ ™ 1 1 ;l J o — 1 ;„ c»3 /'j-l,^ u ] — 1 c „ ;l JU, 
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embedded 3-ball). On the other hand, this is not a reason for T'^(r) and H^{T) to be 
disconnected because the nerve of the constructed in [ A5] knotting is 1-dimensional, 
so the hmit 2-sphere A(pr) C is unknotted in 5"^. 

Nevertheless, as another apphcation of Theorem 3.1, we have: 

Theorem 5.2. Let T C SO°(/c, 1) be any uniform lattice from Theorem 3.1, and 
k>3. Then the varieties T^~^^(r) andU,^^'^ iV) of conformal and hyperbolic struc- 
tures onV (or equivalently, of conjugacy classes of discrete faithful representations 
T SO°{k + 2,1)) are disconnected. 

Proof. It immediately follows from Theorem 3.1 and the Sullivan's stability theo- 
rem because both (isomorphic) groups F C IsomH'^ C Isomtf "''^ and G = pT C 
Isom M'''^^ constructed in Section 4 are convex cocompact (geometrically finite lox- 
odromic groups). Namely, we see that the "knotted" representation p does not 
belong to the closure of the quasi-Fuchsian components T^~^^{r) and 7io"'"^(F) be- 
cause, for any quasi-Fuchsian representation p', the limit set A(p'F) is an unknotted 
{k — l)-sphere in S''^^. 

6. Fiber Bundles Over Hyperbolic Manifolds 

We conclude our paper by pointing out a significant difference between geometric 
structures on fiber bundles over hyperbolic surfaces and ?7>manifolds, m > 3, which 
is based on Gluck's rigidity for Dehn surgery on high-dimensional knots (in contrast 
to Dehn surgery on classical 1-knots in S^). 

Given a closed hyperbolic m-manifold M with 7ri(M) = F C SO°(m, 1), each 
faithful discrete representation p : F — > S0°(m-|-2) (a conjugacy class [p] e Ti"^"'"^) 
defines a (m -|- 2)-dimensional hyperbolic manifold E = H'^+^/pr and a closed con- 
formal {m+ l)-manifold N at infinity of E, N = n{pT)/pT, whose fundamental 
group satisfies the exact sequence (2.2) with G = pF C SO°(m -|- 2, 1). The mani- 
folds E and themselves are 2-plane and bundles over M provided the exterior 
of the (m — l)-knot A(pF) C S'^'^^ is homeomorphic to x S^, that is the knot 
is trivial [ Go]). Moreover, it turns out that (besides trivial bundles corresponding 
to quasi-Fuchsian representation of F = 7ri(M)) there are such non-trivial circle 
and 2-plane bundles over M having conformal and hyperbolic structures and real- 
ized by the manifolds E and A, correspondingly. Namely, Gromov, Lawson and 
Thurston [GLT] have produced startling constructions of such representations p 
whose hyperbolic and conformal manifolds E and N are non-trivial 2-plane and cir- 
cle bundles over a closed hyperbolic surface, see also [Ku] . Those fiber bundles are 
related to conformal realizations of Dehn surgeries on a classical 1-knot S^. 
Similarly, existence of a hyperbolic structure on a 2-plane bundle over a hyperbolic 
m-manifold M (conformal structure on a circle bundle over M) whose holonomy 
group pF, F = 7ri(M), has an (m - l)-knot in 8"^+^ = dW^+'^ as the hmit set 
implies a conformal realization of the corresponding Dehn surgery on the trivial 
knot S"^-^ C 3"^+^. 

However, the Dehn surgery on high-dimensional knots S'^~^ ^ 5""^^^, m > 3 
is very rigid. This is related to the fact, for the first time observed by [Gl] in 
dimension m = 3 (see also [B, LS, Sw]), that two homeomorphisms of the boundary 
dN{K) ^ S'^-^xS^ of a regular neighborhood A(A:) ^ S'^-^xB'^ of a (m-l)-knot 
K C 5""^+^, m > 3, are pseudo-isotopic if and only if they are homotopic. The group 
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'Li^^i^^i- Here the first two factors correspond to orientation-reversals of S"^ ^ 
and respectively, and the third is generated by the following homeomorphism 

r]{x,d)^{T{d){x),d); xg5™-S ^e5^ (6.1) 

where t{&) is the rotation of the sphere S'^~^ about its polar S'^~'^ through the 
angle d. 

Therefore, in contrast to the classical 1-knots in 5^, each (m— l)-knot K C S'"^"'"^, 
m > 3, has the only one nontrivial Dehn surgery which is determined by the home- 
omorphism (6.1). This makes fiber bundles over closed hyperbolic m-manifolds, 
whose fibers are either 2-planes or circles and which have either hyperbolic struc- 
tures (of infinite volume) or conformal structures, correspondingly, more rigid than 
the analogous fibrations over hyperbolic surfaces, see [GLT] . In particular it implies 
[A8]: 

Theorem 6.1. For a given closed hyperbolic m-manifold M , m > 3, there are at 
most two non- equivalent circle (or 2-plane) bundles over M allowing uniformizable 
conformal structures or complete hyperbolic metrics, respectively, with the develop- 
ment on a (m — l)-knot complement. 

Finally we remark that there are at most finite number of equivalence classes of 
conformal (m + l)-manifolds (hyperbolic (m + 2)-manifolds E, dE = N) homo- 
topy equivalent to a given closed hyperbolic m-manifold M whose developments are 
onto a (nontrivial) (m — l)-knot complement. The number of such manifold equiv- 
alence classes depends of geometry of M, especially, of the number b{M) of disjoint 
totally geodesic surfaces in M. In our example in Section 4 related to the (trefoil) 
2-knot K C 5"^, this number is more than 100 and, we think, it cannot be less than 
Cm ■ e where Cm > 1 is an universal constant and e = e{K) is the potential energy 
of the m-knot K [ BFHW, AS] (actually, for the used trefoil k C 5^, e{k) ^ 74). 
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